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Abstract. In this paper, we introduce two new functionals within the context of the variational
grid generation problem: an area functional and a smoothness functional. Both of them are based
on an improved adaptive algorithm which focuses on the most folded grid cells. It is shown that
when they are minimized in order to generate smooth and convex grids on irregular planar regions
the optimization process converges notably faster than it does with other functionals previously
reported.
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1. Introduction. One way to generate convex and smooth structured grids over
irregular regions in the plane consists of minimizing an appropriate functional: this
is the main idea of variational grid generation [9]. It has been studied in detail in
several papers, and there is currently a robust theory regarding area and harmonic
functionals, which can be used for successfully gridding irregular regions [5, 6, 7, 8].
A deep geometric insight of these functionals is available, as presented in [4] and
[2, 3, 13, 14]. Adaptive versions of all these functionals on surfaces have also been
developed [1]. Two important examples of these kinds of functionals, Hω and St,ε,
have been addressed and analyzed in [1, 2, 4].

Considering the results presented in these papers, which pose a whole family of
functionals that can be minimized in order to generate a convex grid, it is clear that
it is possible to mesh a wide variety of regions. Naturally, the next problem to be
studied is whether it is possible to speed up the corresponding optimization process.
In this paper, we present a new parameter update which combines the robustness of
the algorithm for Hω and the speed of the adaptive smoothness functional described
in [14]; the acceleration in the generation procedure is illustrated through several
examples.

This paper is organized as follows: section 2 includes the basic notation, and
section 3 addresses ε-convexity and the direct grid generation problem. Sections 4, 5,
and 6 present a brief review of the previous functionals Hω and St,ε. Sections 7 and 8
introduce the new functionals based on the accelerated adaptive algorithm. Section 9
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1914 BARRERA SÁNCHEZ ET AL.

presents the numerical tests and comparisons in a battery of quite irregular regions.
As expected, conclusions in section 10 end this paper.

2. Notation. The regions for the problem of interest here are simply connected
domains Ω in the plane whose boundaries are closed polygonal Jordan curves with
positive orientation. For such regions, the grid generation problem can be described
as the construction of continuous functions x(ξ, η), y(ξ, η), which define one-to-one
mappings

x : R �→ Ω with x = (x(ξ, η), y(ξ, η))

from the unit square

R = {(ξ, η)|0 ≤ ξ ≤ 1, 0 ≤ η ≤ 1}

onto the physical region Ω and satisfy x(∂R) = ∂Ω.
In practical terms, the discrete structured grid generation problem can be de-

scribed as the efficient construction of a logically rectangular subdivision of Ω into
convex quadrilaterals. These subdivisions, which will be defined in the next section,
will be referred to as grids.

In order to pose the definitions required for the following sections, it is important
to introduce some basic definitions. Letm and n be the number of “vertical” and “hor-
izontal” points of the region’s “sides,” and let Ω be the planar region defined by a Jor-
dan polygonal curve with positive orientation γ of vertices V = {v1, v2, . . . , v2(m+n−2)}
(Figure 2.1).

Ω
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Fig. 2.1. Example of a region defined by a simple closed polygonal curve.

The theory addressed in this paper is valid for these particular shapes of regions.
For Ω, in terms of m and n, one can see that there is a natural choice for the four
“sides.”

A set

G = {Pi,j |1 ≤ i ≤ m, 1 ≤ j ≤ n}

of points of the plane with the fixed boundary positions given by V is called a struc-
tured, admissible, and discrete grid1 for Ω of order m× n.

1It has quadrilateral elements.
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SMOOTHNESS AND CONVEX AREA FUNCTIONALS—REVISITED 1915

We say that G is convex if each one of the (m− 1)(n− 1) quadrilaterals (or cells)
ci,j of vertices {Pi,j , Pi+1,j , Pi,j+1, Pi+1,j+1}, 1 ≤ i < m, 1 ≤ j < n, is convex and
nondegenerate.

Let c be an oriented quadrilateral of vertices {PQRS}. The latter defines four
oriented triangles, �(1) = �(SPQ), �(2) = �(PQR), �(3) = �(QRS), and �(4) =
�(RSP ) (Figure 2.2). In what follows, it will be of the greatest relevance to consider

that every grid cell ci,j is divided into four triangles {�(k)
i,j , k = 1, . . . , 4} in this same

way.

P PQ Q

R RS S

Δ

Δ Δ

Δ(1) (2)

(3) (4)

Fig. 2.2. The four oriented triangles defined by a quadrilateral grid cell.

Thus, the orientation of the boundary not only induces that of the cells and their
triangles but also assigns a sign on the areas of the triangles, which is the main key
for determining whether a grid is convex.

In this context, we introduce two basic triangle-dependent quantities: λ and α.
For the oriented triangle with vertices A,B,C ∈ R

2, these functions are defined as

(2.1) λ(�(A,B,C)) = ‖A−B‖2 + ‖C −B‖2,

where AB and CB are cell sides and

(2.2) α(�(A,B,C)) = (B −A)tJ2(B − C) = 2 area(�(A,B,C)),

where ‖ · ‖ denotes the Euclidean norm and J2 is the matrix

J2 =

(
0 1
−1 0

)
.

Notice that a grid G is convex iff

min{α(�q) > 0|q = 1, . . . , N},

where N = 4(m− 1)(n− 1) is the total number of triangles in G, considering the four
triangles in each cell defined by its vertices as mentioned above.

Three useful quantities, related to α, are the following:

(2.3) α (G) = min{α(�q)|q = 1, . . . , N},

(2.4) α+(G) = max{α(�q)|q = 1, . . . , N},

(2.5) α(G) =
1

N

N∑
q=1

α(�q).
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1916 BARRERA SÁNCHEZ ET AL.

An important relation can be derived from the definition of α. Since (2.2) yields

(2.6)
N∑
q=1

α(�q) = 4 Area(Ω),

we have

(2.7) α(G) =
1

N

N∑
q=1

α(�q) =
Area(Ω)

(m− 1)(n− 1)
,

which means that α(G) actually depends only on Ω and not on a particular G.
In what follows, this value will be denoted simply as α. In addition, the set M(Ω)

will represent the set of all the grids for Ω and, for the sake of brevity, αq and α(�q)
will be used indistinctly.

3. The ε-convexity. As we mentioned before, geometrically speaking, a grid G
is convex iff α (G) > 0. However, this inequality is neither scale independent nor a
numerically stable test. This is due to the fact that the problem of generating convex
grids in irregular regions may be ill-posed in the sense that the critical value

(3.1) εc(Ω) = max

{
α (G)

α
|G ∈M(Ω)

}

can become very small.
Nevertheless, this test can be reformulated in a numerically useful way. Since for

any convex grid G we have

0 <
α (G)

α
≤ εc,

it follows that if we choose ε > 0, then any grid G satisfying

εc ≥ α (G)

α
≥ ε

is convex. Consequently, the following definition appears in a natural way.
Definition 3.1. Let ε be a positive number. A grid G is ε-convex iff

(3.2) min{α(�q) > ε · α(Ω)|q = 1, . . . , N}.
This new definition of convexity has proven to be very useful because it is scale

independent, which is a desirable property from a numerical point of view.
The basis for the direct optimization method, as developed by Charakhch’yan

and Ivanenko [7], is the minimization of a suitable function of the form

(3.3) F (G) =

N∑
q=1

f(�q),

where f(�q) depends only on the vertices of the triangle �q, and N is the total
number of triangles of the grid, so our problem is to find the coordinates of the
interior points of the grid G. Thus, a grid G will be represented by a point in an
euclidean 2(n− 1)× (m− 1)-dimensional space where the components are the x and
y coordinates of the interior points {Pi,j ; 2 ≤ i ≤ n, 2 ≤ i ≤ m} of the grid.
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In this context, the discrete variational grid generation problem can be posed as
a large scale optimization one in the following way.

Problem 1. Solve

G∗ = arg min
G∈M(Ω)

N∑
q=1

f(�q)

over the set of admissible grids M(Ω) for a region Ω and a given ε in such a way that
G∗ is ε-convex.

As will be shown in the following sections, the key to achieving ε-convexity lies
efficiently in the adequate selection of f .

Using (3.2), the following can be shown:
• If ε > εc, Problem 1 has no solution.
• In a complimentary fashion, if ε ≤ εc, Problem 1 has solutions.
• If ε ≈ εc, the problem’s numerical optimization could be very difficult to
solve.

4. Barrera and Tinoco’s ω-functionals. The first effective functionals for
the generation of convex harmonic grids on quite irregular regions were developed by
Charakhch’yan and Ivanenko [7, 6]. A beautiful insight into these functionals can be
found in [8].

These authors rewrote the harmonic functional proposed by Winslow [16] in a
variational setting [7]. They then discretized it to obtain a function of the inner grid
points given by

(4.1) FS(G) =

N∑
q=1

λ(Δq)

α(Δq)
,

which was minimized by means of a Newton-like iterative method in order to generate
a harmonic grid.

It is quite easy to prove that Ivanenko’s functional attains its minimum in the set
of convex grids for a region due to the pole in f and the relations between α and λ [6].
However, because of the so-called barrier property, for fixed boundary points the
minimization process required a rather complicated setting to get an initial convex
grid [7].

Later, Tinoco-Ruiz and Barrera-Sánchez [14] developed a new smoothness func-
tional with an easier initial setting by choosing a parameter ω that allows the use of
a nonconvex initial grid. It is chosen to satisfy

ω > −α(�q), q = 1, . . . , N.

To address Tinoco’s functionals, it is convenient to define the set

(4.2) Dω = {G|G ∈M(Ω), α−(G) > −ω} , ω ∈ R.

If ω < ω′, then Dω ⊂ Dω′ . In addition, if

ω′ ≤ −ᾱ = − Area(Ω)

(m− 1)(n− 1)
,

then Dω = ∅.
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1918 BARRERA SÁNCHEZ ET AL.

In other words, the set of values of ω such that Dω �= ∅ is nonempty and bounded
below. Thus, it is possible to prove the set of convex grids for Ω is nonempty: ω− =
glb{k|Dω �= ∅} < 0.

Let G be a grid for Ω. If α (G) > ω, then the ratio 1/(α+ ω) is positive, so the
functions

(4.3) fA−1
ω
(Δ) =

1

ω + α(Δ)
, fSω(Δ) =

λ(Δ)

ω + α(Δ)

are nonnegative and, as a consequence, the functionals for a grid G

(4.4) FA−1
ω
(G) =

N∑
q=1

fA−1
ω
(Δq), FSω(G) =

N∑
q=1

fSω(Δq)

are positive. Furthermore, given ω a positive number, it is possible to prove that,
if Dω �= ∅, both functionals FA−1

ω
and FSω will attain their minima in the open set

Dω [14].
By choosing a suitable initial value of ω, the iterative procedure of minimizing

one of the ω-functionals and updating ω is a very efficient way to generate convex and
smooth grids in a large number of planar regions. (See Figure 4.1.)

α=0α=−ω

λ/α

λ/(ω+α)

Fig. 4.1. A sketch of the action of the parameter ω in fSω .

It can be summarized as follows:

1. Calculate α−(G0) for an initial grid G0.
2. Calculate ω = ω1α−(G0) + ω2, with suitable values ω1 and ω2.
3. Generate Gω such that Fω(Gω) = minG∈Dω(Fω(G)).
4. Go back to step 2 until Gω is convex.

Both functionals have very good performance in a wide range of irregular regions by
focusing on the nonconvex cells of the grid. However, since they feature a pole in a
neighborhood of −ω, it is rather difficult to set up an automatic procedure to update
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ω for very irregular regions. Therefore, it is frequently necessary to use a trial and
error algorithm in order to calculate ω1 and ω2.

Additionally, for Ivanenko’s functionals, the optimal grids generated were required
only to satisfy the scale-dependent convexity test α (G) > 0. This frequently caused
numerical instability in some irregular regions.

5. The functional St,ε. Ivanenko’s and Tinoco-Ruiz’s functionals feature poles
as barriers, a fact that can be disadvantageous and the cause of instability if small
values of α are produced on some irregular regions. In order to avoid the use of poles
as barriers, Barrera-Sánchez and Domı́nguez-Mota made a comprehensive analysis of
the properties of a family of continuous discrete area functionals (i.e., with no explicit
dependence on λ) with “soft” barriers to solve it [4] and proved the following theorem.

Theorem 5.1. Suppose that f : R → R is a C2 convex, strictly decreasing, and
nonnegative function, and let F : RN → R be given by

F (G) =
N∑
q=1

f(αq).

Assume that Ω is a polygonal region for which there exists a convex grid G0. Then,
it is possible to find a real number t ≥ 1 such that the optimization problem

min{F (G)|G ∈M(tΩ)},

where tΩ is the image of Ω under the mapping x→ tx, has a solution Ĝ that satisfies

α (Ĝ) > 0.

The most attractive feature of Theorem 5.1 is the fact that f must satisfy a short
list of requirements. It is possible to use very economical choices in terms of flops, for
instance,

(5.1) f(α) =

{
(α− 1)(α− 2) + 1, α < 1,
1
α , α ≥ 1.

However, despite its simplicity, Theorem 5.1 still lacks the scale-independent property
required to work robustly on very irregular nonconvex regions. This difficulty can be
overcome easily, as noted by Barrera-Sánchez et al. [2], who realized that one of the
main conclusions of Theorem 5.1, the positivity of the least value of α of the optimal
grid, could be restated with ease in terms of a shifted inequality.

Theorem 5.2. Let f and Ω be defined as in Theorem 5.1. Then

(5.2) St,ε(G) =

N∑
q=1

f(tα(�q)− εα(G)),

considered as the objective function in the optimization problem (Problem 1), is min-
imized on M(tΩ) by ε-convex grids for a large enough t ≥ 1.

The ε-convex grids generated by minimizing St,ε with (5.1) have been reported
in several previous papers, for instance, [4, 2]. In many very irregular regions, the
presence of cells with relative large values of area has been observed. This often slows
down the performance of the optimization process.
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1920 BARRERA SÁNCHEZ ET AL.

6. The functional Hw. The applicability of the ideas about the area function-
als addressed in the previous sections is not limited to the generation of convex grids.
Barrera-Sánchez et al. [1] proposed a new parameter-dependent smoothness functional
Hw whose optimal grids are quite similar to those of FS(G) when ω is small enough.

The main idea behind this new functional consists of replacing the area function
1/α that appears in the definition of FS(G) by a function ϕω(α) capable of acting as
a “soft” and continuous barrier.

A natural choice for ϕω(α) is a continuous, convex, and strictly decreasing C2

function identical to 1/α for α ≥ ω (see [4] for details).
For instance, we can consider for a positive real number ω (see Figure 6.1)

(6.1) ϕω(α) =

{
(2ω − α)/ω2, α < ω,
1/α, α ≥ ω.

Thus, the functional Hω can de defined as

(6.2) Hω(G) =

N∑
q=1

λ(�q)ϕω(�q).

A deeper insight into the main properties of Hω, as well as a benchmark against the
smoothness functional FSω(G), can be found in [4].

−0.5 0 0.5 1 1.5 2 2.5
0

1

2

3

4

5

6

φ
0.25

φ
0.5

α

Fig. 6.1. Sketch of the action of the parameter ω in ϕω.

7. The new smoothness functional. The next goal is to propose two new
functionals, an area functional and a smoothness functional, both designed to take
advantage of the functionals discussed so far: the efficiency and speed of the ω-
functionals when acting on nonconvex cells, and the global performance of Hω and
St,ε.

As before, this process can be done by changing the function ϕ(α) in Hω. For
α ≥ −ω1 + ω2, a natural replacement for this task is given by

(7.1) ϕω1(α) =
1

ω1 + α
.
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Again, just as was done with Hω, the “complementary” function of ϕω1(α) for α ≤
−ω1 + ω2 is defined as the tangent to the function 1/(ω + α) at αk = −ω1 + ω2. In
other words, the actual function ϕ is defined as

(7.2) ϕω1(α;ω2) =

{
1/(ω1 + α), α ≥ −ω1 + ω2,

(−ω1 + 2ω2 − α)/ω2
2 otherwise,

where ω1 and ω2 are parameters to be updated after the optimization step.
For Hω, the parameter ω is updated as ω/2, so it is a natural choice to update

ω2. To update ω1, we will use a formula related to α in the current optimization step
given by

ω1 = max(−0.5 · α (G), 0),(7.3)

for which it must be noted that the optimal grid is convex when ω1 = 0. Thus, the
new smoothness functional is given by

(7.4) Hω1,ω2(G) =
N∑
q=1

λ(�q)ϕω1(αq;ω2).

8. The new area functional. It is also possible to apply ϕ(α)’s previous ex-
tension in order to improve the performance of the area functional St,ε. The basic
idea is to use the scaling parameter t within the function f(α) given by (5.1), to-
gether with the parameter ω of FA−1

ω
(G), in order to get both effects, scaling and

shifting, simultaneously. This yields the functional

(8.1) St,ω(G) =

N∑
q=1

f(ω + tαq).

In order to get the joint effect of the scaling parameter t and the adaptive pole
parameter ω, the initial value of ω is set and then is halved in every iteration, while t
is initially set to 1 and is doubled at the same time. When ω → 0, St,ω → St,0, while
as t→∞, the values of f decrease faster.

In UNAMALLA [15], these parameters are updated simply as

ω = max(−0.35 · αmin(G), 0),

t← 2t.(8.2)

9. Numerical tests. Before testing Hω1,ω2 and St,ω, it is convenient to briefly
address some technical issues.

9.1. Algorithm. One can notice that the new functionals can be implemented
in a simple two-loop algorithm: an outer loop for ε-convexity, and an inner loop to
solve the optimization problem (Problem 1) numerically.

Algorithm. Smooth grid generation with Hω1,ω2 .
1. Choose initial values for tolf , tolg (tolerances for the function’s relative change

and gradient norm in the optimization process; see the following subsec-
tion), ω2, ITERMAX , and ε > 0.

2. Generate an initial grid G0 by transfinite interpolation [10] and scale it to
satisfy α = 1.
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3. Calculate ω1.
4. Solve the optimization problem

(9.1) Ĝ = arg min
G∈M(Ω)

{Hω1,ω2(G)}

until

‖∇Hω1,ω2(Ĝ)‖ < tolg,

or

‖Hω1,ω2(Ĝ)−Hω1,ω2(G0)‖ < tolf · ‖Hω1,ω2(G0)‖,

or ITERMAX has been reached.
5. If α (Ĝ) > ε, a smooth ε-convex grid has been generated and we are done;

elseif ITERMAX was reached, no convex grid has been found and we are
done; else we update ω1, set G0 ← Ĝ, ω2 ← ω2/2, and go back to step 3.

By replacing the parameters t and ω1 and applying (8.2), this algorithm can be
used with St,ω instead of Hω1,ω2 . This is also true for linear convex combinations of
Hω1,ω2 and St,ω with other functionals.

9.2. Implementation parameters. The details of the numerical implementa-
tion of the algorithm of the previous section are the following:

1. Scale. In order to improve the optimization step, all the test regions were
previously scaled to satisfy α = 1.

2. ε-convexity. For a practical implementation in the IEEE 754 double precision
arithmetic, we use ε = 10−5.

3. Initial parameters. We set w2 = 0.5 for Hω1,ω2 or t = 1 for St,ω, and
ITERMAX = 1000.

4. Optimization step. The optimization is carried out by means of large-scale
Newton-like methods with bound constraints: TRON [11] and L-BFGS-B
[17]. The tolerances tolf , tolg are chosen as the default values for these
methods.

9.3. Numerical examples. The algorithm of this section was applied to six
test irregular regions that have been used frequently when testing functionals for the
direct variational grid generation problem [4] (Figure 9.1):

• Havana
• Mexico
• Cat
• Great Britain
• Ucha basin
• South America

This group includes very irregular regions, for which most of the algebraic and
differential methods fail, but that can be gridded successfully with the direct opti-
mization method.

For each one of these regions, initial grids with 30, 40, and 40 points per side were
generated by transfinite interpolation. In order to compare the overall performance
of the new functionals, the linear combinations

(9.2) 0.5(Hω1,ω2(G) +A(G))
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Havana

Mexico

Cat

Great Britain

Ucha basin

South America

Fig. 9.1. Test regions.

against

(9.3) 0.5(Hω(G) +A(G))

and

(9.4) 0.5(St,ω(G) + L(G))

against

(9.5) 0.5(St(G) + L(G))

were used for benchmarking, where A and L are the area and length functionals
[3, 5, 12] given by

A(G) =

N∑
q=1

α(�q)

and

L(G) =
N∑
q=1

λ(�q),

respectively. All runs were performed using a personal computer with 2GbMb RAM
and an Intel processor running at 1.99GHz.

For the functionals Hω1,ω2 and St,ω, the parameters were updated by means of
(7.3) and (8.2). For the simpler functionals Hω and St, we set ω1 = ω = 0.

In order to compare the performance of the functionals Hω1,ω2 and St,ω against
Hω and St, let us denote by N(Hω1,ω2), N(Hω), N(St,ω), and N(St) the iterations
required for convergence when the functionals (9.2), (9.3), (9.4), and (9.5) are mini-
mized, respectively. We define the performance ratios ρH = N(Hω)/N(Hω1,ω2) and
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Table 9.1

Comparison ratios.

Region ρH ρS TH TS αH αS

Hav30 0.82 1.24 0.79 1.25 1.00 3.85
Hav40 1.22 0.85 1.26 0.88 1.94 3.14
Hav50 1.27 1.12 1.26 1.15 1.37 1.41
Cat30 1.67 1.15 1.64 1.18 0.68 1.31
Cat40 1.37 1.48 1.39 1.46 0.02 0.24
Cat50 2.13 1.28 2.11 1.29 0.47 0.15
Eng30 1.25 1.07 1.28 1.08 1.21 1.03
Eng40 1.53 1.25 1.48 1.17 0.96 2.41
Eng50 1.56 0.95 1.57 0.95 0.70 1.26
Ucha30 0.91 1.47 0.88 1.46 0.28 0.38
Ucha40 0.70 1.67 0.65 1.71 0.27 1.79
Ucha50 1.20 1.67 1.13 1.73 1.28 1.80
Sud30 1.35 1.46 1.50 1.38 0.68 1.07
Sud40 0.78 1.00 1.70 1.06 0.69 0.94
Sud50 1.73 1.02 1.88 0.97 0.81 1.13
Mex30 2.33 1.23 2.23 1.28 1.08 0.01
Mex40 1.62 1.02 1.62 1.02 0.56 1.26
Mex50 1.73 1.03 1.73 1.02 1.04 1.00

Fig. 9.2. A grid for Great Britain with 50 points per side generated by minimizing
0.5(Hω1,ω2(G) + L(G)).
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Fig. 9.3. A grid for Ucha basin with 40 points per side generated by minimizing 0.5(St,ω(G) +
L(G)).

ρS = N(St)/N(St,ω) for the number of iterations. In a similar way, we define TH and
TS for the ratios of the elapsed time of the optimization process and αH and αS for
the ratios of the values of α in the optimal grids. Their values for the numerical tests
are summarized in Table 9.1.

Two examples of the generated grids are shown in Figures 9.2 and 9.3. The effect
of the double homotopic functional is quite evident: as the number of cells increases
due to the increments of m and n, the optimization problem is solved faster in most
of the cases, and the number of iterations and CPU time required to generate the
optimal convex grid is frequently halved. This is due to the fact that the adaptive
parameters ω1 and ω have a stronger effect on the triangles with large negative areas,
thus increasing the value of the barrier defined by the functionals in such a way that
the optimization process can be better exploited in large problems. In 77.7% of the
test cases, the new functionals Hω1,ω2 and St,w are faster than Hω and St.

This can be easily explained since the functionals Hω and St use a global strategy
to update their parameters, a strategy which is not focussed on the folded cells but
on the whole grid.

10. Conclusions and future work. As noted by the numerical experiments,
the main advantage of these new functionals is that they work adequately on every
grid cell, and as the number of nonconvex cells decrease, they have a stronger action
on the most irregular ones. In this sense, they clearly represent an improvement over
the previous functionals.

Current research deals with the use of the optimal grids of the new functionals
in the numerical solutions of differential equations, and the corresponding results will
be reported in a future paper.

Another important problem which will be studied is the use of multioptimization
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techniques as an alternative to speed up the optimization process.
Finally, it is important to mention that an implementation of these functionals is

included in UNAMALLA [15], which is available for academic and research purposes.

Appendix A. Results summary. The data associated with the tests of sec-
tion 9 is summarized in Tables A.1, A.2, A.3, and A.4.

Table A.1

Results for 0.5(Hω(G) +A(G)).

Region α ITER Elapsed time

Hav30 0.08056012 50 00:31.7
Hav40 0.08918047 66 01:21.9
Hav50 0.05571226 104 03:12.5
Cat30 0.01341007 100 01:05.0
Cat40 0.00106690 103 02:00.0
Cat50 0.00819499 185 05:30.1
Eng30 0.02371219 95 01:09.4
Eng40 0.01297407 158 02:54.7
Eng50 0.00314142 200 05:55.8
Ucha30 0.00669548 42 00:25.3
Ucha40 0.01441906 46 00:48.5
Ucha50 0.05436297 59 01:41.6
Sud30 0.01327144 50 00:32.8
Sud40 0.02787514 35 01:26.5
Sud50 0.02322099 104 03:18.1
Mex30 0.00099314 469 05:07.1
Mex40 0.00059463 599 11:32.0
Mex50 0.00058089 904 27:05.8

Table A.2

Results for 0.5(Hω1,ω2(G) + A(G)).

Region α ITER Elapsed time

Hav30 0.08032077 61 00:40.3
Hav40 0.04599097 54 01:04.8
Hav50 0.04072380 82 02:32.2
Cat30 0.01977821 60 00:39.6
Cat40 0.04328554 75 01:26.5
Cat50 0.01731575 87 02:36.6
Eng30 0.01957200 76 00:54.3
Eng40 0.01351629 103 01:57.8
Eng50 0.00451793 128 03:46.9
Ucha30 0.02418143 46 00:28.8
Ucha40 0.05311207 66 01:14.3
Ucha50 0.04237537 49 01:29.8
Sud30 0.01937774 37 00:21.9
Sud40 0.04068631 45 00:50.9
Sud50 0.02852557 60 01:45.3
Mex30 0.00092313 201 02:17.7
Mex40 0.00105644 369 07:07.4
Mex50 0.00056019 524 15:40.6D
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Table A.3

Results for 0.5(St(G) + L(G)).

Region α ITER Elapsed time

Hav30 0.00082193 62 00:40.6
Hav40 0.00013509 62 01:12.7
Hav50 0.00028982 73 02:19.9
Cat30 0.00020549 70 00:44.4
Cat40 0.00004959 74 01:22.8
Cat50 0.00006397 102 03:00.5
Eng30 0.00010500 76 00:50.2
Eng40 0.00019531 66 01:13.8
Eng50 0.00001290 96 02:48.6
Ucha30 0.00136186 56 00:37.6
Ucha40 0.00227402 70 01:20.0
Ucha50 0.00585372 77 02:22.8
Sud30 0.00213375 35 00:22.0
Sud40 0.01895250 35 00:39.1
Sud50 0.00771273 42 01:11.5
Mex30 0.00000001 201 02:13.0
Mex40 0.00002083 269 05:01.9
Mex50 0.00000001 312 09:40.4

Table A.4

Results for 0.5(St,ω(G) + L(G)).

Region α ITER Elapsed time

Hav30 0.00021352 50 00:32.5
Hav40 0.00004302 73 01:22.8
Hav50 0.00020498 65 02:02.0
Cat30 0.00015662 61 00:37.5
Cat40 0.00020840 50 00:56.8
Cat50 0.00041848 80 02:19.5
Eng30 0.00010222 59 00:40.2
Eng40 0.00008112 53 01:03.0
Eng50 0.00001024 101 02:57.4
Ucha30 0.00358187 38 00:25.7
Ucha40 0.00127044 42 00:46.8
Ucha50 0.00325217 46 01:22.4
Sud30 0.00200056 24 00:15.9
Sud40 0.02013530 35 00:36.9
Sud50 0.00680398 41 01:13.7
Mex30 0.00000103 163 01:44.3
Mex40 0.00001649 290 05:19.7
Mex50 0.00000001 331 09:59.6
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